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Abstract 
Landgev, I.N., On block designs with repeated blocks, Discrete Mathematics 106/107 (1992) 
317-328. 
We present here some new constructions of block designs with repeated blocks for arbitrary k. 
We include some interesting examples. A partial answer to a question raised by Hedayat is also 
given. 
1. Introduction 
A balanced incomplete block design with parameters v, k, I., denoted further 
as BIBD(v, k, A) is a collection of k-element subsets (called blocks) of a 
v-element set “Ir of points, satisfying the conditon: each unordered pair of distinct 
elements of 7 occurs in exactly A. blocks. A design 9 in which the coincidence of 
two blocks (as subsets of the point set) is allowed will be called a design with 
repeated blocks. The number of distinct blocks will be denoted by b* and 
referred to as the support suppport size of the design. The notation 
BIBD(v, k, ,I 1 b*) will be adopted for a BIBD(v, k, A) with support size b*. The 
set of distinct blocks of 9 itself will be called support of the design and denoted 
by 9*. 
Given two integers v and k, it is of interest to find out which are the possible 
b* for which a BIBD(v, k, A 1 b*) d oes exist (here h is a free integer). Denote by 
b~i” the minimal b* for which a block-design with parameters v, k can be 
constructed. It was shown in [5] that 
(l-1) 
Correspondence to: I.N. Landgev, Institute of Mathematics, Bulgarian Academy of Sciences, Sofia 
1113, Bulgaria. 
0012-365X/92/$05.00 @ 1992 - Elscvier Science Publishers B.V. All rights reserved 
318 I. N. Landgeu 
where [xl stands for the least integer greater or equal to X. In this connection 
Hedayat raised the following question: 
(Q) Is it always possible to construct a BIBD(u, k, A ) b* = (T))? 
One can easily note that the existence of such a design cannot be derived from 
Theorem 4.1 of [5]. On the other hand the results in [3,4, S-10] give a positive 
answer to this question for v 2 7, k = 3. In what follows we give some 
constructions for BIB designs with different support sizes and k 2 4. This enables 
us to settle (Q) for u 2 7, k = 4 and to make some steps toward solving this 
problem for greater k. 
2. Unions of transversal designs and their support sizes 
In order to save space we refer to [l] for all definitons and notations concerning 
transversal designs. 
Let V = {xi, . . . , x:, x:, . . . , x2,, . . . , xf, . . . , x;} and suppose that there 
exists k - 2 mutually orthogonal Latin squares of order u. It is well known that in 
such a case we can construct a transversal design TD[k, u], denoted by T, that is 
based on ‘Y. We provide that two elements of r/‘ belong to the same group of the 
transversal design when they have equal upper indices. Suppose further that 
T = {(xi,, x;~, . . . , x;“,) 1 {(il, i2, . . . , ik)} c Z, x . - . x Z,} . 
k times 
(2.1) 
and that CJ is a permutation acting on {1,2, . . . , u}. Define T” as 
To= {(x&), xf2, . . . , x;) 1 (xi’,, xf2, . . . , xi”,) E T}. (2.2) 
Let u, t E S, (the symmetric group of degree u). Then it is easily seen that 
1 T” fl T”I =fu, where f is the number of the fixed points of ut-‘. Hence 
jT”U T”I = (2~ -f)u. More generally, given a set of permutations n= 
i.761, Jd2, . . * > JC~} acting on { 1,2, . . . , u} denote by G(i) the number of different 
images of i, i e { 1,2, . . . , u}, under the permutations from II. It is easy to check 
that 
]T”‘UT”‘U.. . U T”*l = u .$ Q(i). (2.3) 
i=l 
It is straightforward that 
IA < 2 G(i) < CY . u, (2.4) 
where (Y = min(s, u). In fact, we shall prove that we can choose II in such a way 
that C;=i @(i) is equal to any integer in the interval [u, au] different from u + 1. 
Note that without loss of generality we can always put n, = id. 
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Lemma 2.1. For every integer N with u G N 4 u2, N # u + 1 we can choose a set 
II of permutations from S, having the property CyzI Q(i) = N. 
Proof. Let N=au+b, l<aCu-1, Osbsu. Put n,=id, n2=u= 
(1, 2. . . u), n3 = cJ2, . . . ) Jc, = aa-‘. 
(i) For a Gbweput n,+,=(l u u-l e.0 u-6+1). 
(ii) Let a 3 b + 1. The images of i under n,, q, . . . , JC~ are i, i + 1, . . . , i + 
a - 1 (the numbers greater than a are taken modulo u). Denote by Z, (resp. Z,) 
the set of the images of 1 (resp. u - b + 1) under the action of x,, n2, . . . , no. 
Note that Z,\Z,#B (for example a-b+lEZ,\I,). Take n,+i=(l u ... 
u - b + 1 y), where y is an arbitrary element from Z, \Z2. 0 
Using a similar construction we can prove the following lemma. 
Lemma 2.2. For every two integers u, N, satisfying 2u s N s u2 - u + 4, we can 
choose such a set of permutations IT = { JC(, = id, n,, . . . , .n,} acting on 
{CQ, 1, 2, . . . , u} that: 
(i) 7c;:m+ifori=1,2,...,u; 
(ii) Cy=r @i(i) = M. 
Remark. The upper bound N G u2 - u + 4 is perhaps not the best possible but it 
is good enough for our purposes. 
3. Recursive constructions 
In this section we shall give some recursive constructions for block designs with 
repeated blocks. 
Theorem 3.1. (i) The existence of a BIBD(u, k, u 1 (y)) with u 2 (5) and k - 2 
mutually orthogonal Latin squares of order u implies the existence of a BIBD(v = 
ku, k, A ( (9). 
(ii) Assume the conditions of (i) are fulfilled and the k - 2 Latin squares have a 
common transversal. Then there exists a BIBD(v = ku + 1, k, A’ ) (2”)). 
Proof. (i) Let “Ir = {xi, xl, . . . , x:, . . . , xf, ~5, . . . , x6} be the point set of the 
desired BIBD(v, k, A. ( (y)). A s mentioned, a transversal design TD[k, u], 
denoted by T, can be constructed on 7” (the points with the same upper index 
belong to the same group of the point set). It follows from Lemma 2.1 that we 
can choose a set of permutations Z7 = {n,, n2, . . . , ns} with Cy=, Q(i) = (g)u. 
Now take the blocks of T”’ U T”* U . . - U Tzs with multiplicity n/s as well as k 
BIB(u, k, ,u ) (z)) designs based on the sets {xi, xi, . . . , XL}, . . . , {x’;, 
xi, . . . , xt}, respectively. The BIB(u, k, u ) (‘;)) designs should be of multiplicity 
Alp. Since )c is free we can assume without loss of generality that AIs and ?Jp are 
integers. 
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Our set of blocks is easily seen to be a design. We have only to check the 
number of the different blocks. It is 
(3.1) 
as required. 
(ii) Now let 7f = {a, xf, xi, . . . , XL, . . . , xf, x’;, . . . , xz}. As in (i), we can 
construct a TD[k, u], denoted by T. Let S be the set of those blocks in T which 
correspond to the common transversal of the k - 2 Latin squares. This set of 
blocks has the property that each point from V\(m) occurs exactly once in its 
blocks. Now construct a design on “cr in the following way. 
(a) For (xf,, xfz, . . . , xi) E S take A’/(k - 1) copies from each of the k blocks 
(m,x? *,..., xik,),(xj,,m ,..., xi) ,..., (x~‘,,x~~ ,..., m). 
(b) There exists a set of permutations fl= {JG, = id, JG~, . . . , n,} with 
Cyzl @(i) = (5)~. Now take the blocks from S with multiplicity A’/2(k - l), those 
from T\S with multiplicity (2k - 3)A’/2(k - l), and those from T”*U T”‘U 
. - . U Txs with multiplicity A’/2(k - l)(s - 1). 
(c) Take k BIB(u, k, p I(;)) designs based on {x:, xi,. . . , xh}, 
{xf, x;, . . . ) x2}, . . . ) {x:, x;, . . . , x:}, respectively with blocks of multiplicity 
A’IP. 
The pairs of the type (m, x$), /-I = 1, 2, . . . , u, j = 1, 2, . . . , k, occur in k - 1 
blocks of multiplicity A’/(k - l), therefore, A’ times in the design. For the pairs of 
the type (x2, x’,?), j, # j2, two cases have to be considered. First, if such a pair 
occurs in a block from S then it can be found on k - 2 blocks containing m and 
once in each Tnf, i = 1, 2 , . . . 9 s. Hence it is in 
@+.I’ A’ (s - 1)h’ 
k - 1 + 2(k - 1) + 2(s - l)(k - 1) = ” 
blocks of the design. On the other hand, if (x2, x’;), ji # j2, does not appear in a 
block from S then it is in 
(2k - 3)n’ + (s _ l) A’ 
2(k - 1) 2(s - l)(k - 1) = ” 





= Wku + 1) = 2, 
2 0 2 
different blocks as required. 0 
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Remark 1. It is easily seen that changing the support sizes of the BIB(u, k, p) 
designs and the support sizes of the transversal designs we can get BIB(v, k, A) 
designs with a large scale of support sizes. 
Remark 2. If we assume the existence of k - 1 mutually orthogonal Latin squares 
of order u then there exist k - 2 mutually orthogonal Latin squares possessing a 
decomposition into common transversals. 
The next theorem treats only the case k = 4. 
Theorem 3.2. 1f there exist a BIBD(u, 4, p ) (h) + E), u 3 7, E = 0, 1, and two 
mutually orthogonal Latin squares having hvo coinciding transversals then there 
exists a BIBD(v = 4u + 2, 4, A 1 (i) + E) us well. 
Proof. Let 7f = {a,, 03~, x:, xi, . . . , XL, . . . , x;‘, x:, . . . , xz}. Denote by S1, S, 
the sets of blocks in the transversal design T = TD[4, u], constructed from the 
Latin squares, corresponding to the coinciding transversals. Let B = (a, b, c, d) 
be a block from S,. We construct the required design in the following way. 
(a) Take A/6 copies from each one of the blocks 
(MI> 032, a, b), (~1, 032, a, c), (T, m2r a, 4, 
(001, ~2, b, c), (~1, ~2, b, 4, (031, 002, c, 4. 
(b) If (xi,, xz, xTJ, &‘J is from (S, U S,)\B then take A/6 copies from each one 
of the blocks 
(c) Let n= {JG, =id, 3t2,. . . , JG,} (I7 will be chosen later) be a set of 
permutations on { 1,2, . . . , u} and take A/4(s - 1) copies from each of the s - 1 
transversal designs T2 = Tz2, T3 = TnZ, . . _ , T, = T%. 
(d) Take 3A/4 copies from each block of T,\(S, U S,), 
(e) i1/12 copies from each block of (S, U &) \ { B}, and 
(f) 7A/12 copies of the block B. 
(g) At last take n/p copies from each one of the four BIB(u, k, p 1 (i) + Ed) 
designs based on the point sets {x’,, xi, . . . , xl}, i = 1, 2, 3, 4. 
First, we shall check that the so-defined structure is indeed a design. It is 
straightforward that the pairs of the type (x<,, xh), as well as (m,, m2), are on A 
blocks. 
The pairs of the type (ai, X) are contained in three blocks of type (a) and in 
three blocks of type (b) when x E {a, b, c, d}. Such pairs are in six blocks of type 
(b) when x E ‘V\ {mi, m2, a, b, c, d}. In either case (ai, X) is in A blocks. 
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For the pairs (x$, xc), i fj three cases has to be considered: 
- (xi, xc) is a pair from B; 
- (x$, XC) is a pair from (S, U S,) \ {B} ; 
- (XL, x;) is a pair from T\(Si U S,). 
In the first case (~8, .x$) is in one block of type (a), in one block of type (f), and 
in s - 1 blocks of type (c), hence in A/6 + 7A/12 + (s - l)A/4(s - 1) = A blocks in 
common. In the second case (~a, XC) is in 4 blocks of type (b), in one block of 
type (e), and in s - 1 blocks of type (c). Therefore it occurs 43c/6 + A/12 + 
(s - l)A/4(s - 1) = A t’ imes in the structure. In the third case (xg, xc) is in one 
block of type (d) and in s - 1 blocks of type (c), therefore again A times in the 
block set. 
So, it remains to check that the support size of the constructed design can be 
made equal to (z) + E, E = 0, 1. Obviously, we have 6 blocks of type (a), 16~ - 8 
blocks of type (b), u . Cy=‘=, Q(i) blocks of type (c), (d), (e), and (f), and 
4(‘;) + Cf==, .si blocks of type (g). Then 
b*=6+16u-8+u.i: @(i)+4(3+& 
i=l i=l 
=2uZ+14u-2+u.i: Gj(i)+i: Ei. 
i=l i=l 
If we choose CyZ1 @i(i) = 6~4 - 8 (this can be done because of Lemma 2.1), and 
(pi, s2, .s3, E,+) = (1, 1, 1, 0), (resp. (1, 1, 1, 1)) we get b* = (y) = 8u2 + 6~ + 1 
(resp. b*=(y)+1=8U2+6u+2), asrequired. 0 
Remark. For every order u 3 7, excluding u = 10, we can find three mutually 
orthogonal Latin squares, hence we can find two mutually orthogonal Latin 
squares having a decomposition in coinciding transversals. For u = 10 it is 
possible to construct two orthogonal Latin squares having two coinciding 
transversals [2]. 
Theorem 3.3. Suppose that there exist k - 2 mutually orthogonal Latin squares of 
order u + 1, a BIBD(u + 1, k, p, 1 (“l I)), and a BIBD(u, k, ,uz ) (“;)) with u 2 
t(G) + 1+ I@), where F = k4-2k3+ 13k2-28k -44 then there exists a 
BIBD(u = k(u + 1) - 1, k, A ( (;)) for some integer A. 
Proof. Let Zr= {x:, xi, . . . , x:, x:, xi, . . . , x:+~, . . . ,x:, xi, . . . , x:+~}, and 
7f’ = ‘V U (00). Construct a TD[k, u + 11, T, on 2” where the upper index of the 
elements signifies the group number and 00 belongs to the first group. Denote by 
T’ the structure obtained from T by deleting the blocks containing the point 00. 
Further choose a set of permutations 17 = {x0 = id, n,, . . . , n,} acting on 
(03, 1,2, . . . , u) with the property ni: co+ i, i = 1, 2, . . . , u. Obviously, the block 
set 
(T')""U (T’)“‘U . . . U (T’)“” (3.2) 
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contains every pair of points from V u times when the points belong to different 
groups, and does not contain pairs of points belonging to the same group. Now if 
we take all blocks from the union (3.2) and k block designs based on 
{x:, xi, . . . , xk}, {XT, xz, . . . , x:+~}, {xf, n$, . . . , xi+,}, respectively, with the 
corresponding multiplicities. The structure obtained is easily seen to be a design. 
The number of the different blocks is given by 
b* = (u + 1) ,&++ Q(i) + (k - l)( u 2’ ‘) + (f>- (3.3) 
If we can choose II so that Cy=i @(i) = (2)~ + (“;‘) then b* = (y). From the 
condition u 2 4((t) + 1 + @) follows that 
(3.4) 
and we can use Lemma 2.2. 0 
Corollary 3.4. Zf there exist a BIBD(u, 4, p1 1 (z)), and a BIBD(u + 1, 4, 
p2 1 (“z ‘)), u 2 7, then there exists a BIBD(v = 4~ + 3, 4, A 1 (y)). 
Proof. Theorem 3.3 proves the result for u 2 11. For u = 7, 8, 9, 10 we cannot 
use Lemma 2.2. Nevertheless we can choose 17 in such a way that CF=‘=, Q(i) = 
6u + 3 and apply once again the construction of Theorem 3.3. For example, for 
u = 7 we can put: 
q, = id, Jr, = (00 1 2 * * . 7) = o, J-r2 = 02, . . . ) nj= c3 2 
n6 = (~0 6 4 2) Ed, = (w 7). 
Similar sets of permutations can be found for u = 8, 9, 10. 0 
Corollary 3.5. For every v 2 7 there exists a BIBD(v, 4, A 1 b* = (;I)). 
Proof. BIB(v, 4, A 1 b*) designs with b* = (y), (z) + 1 do exist for every integer v 
with 7 <v G 27 (computer check). Then our result follows by induction from 
Theorem 3.1, Theorem 3.2, and Corollary 3.4. 0 
Remark. Note that for small v, v = 7, 8, 9, such designs are known to exist [6,7]. 
Without going into details we would like to mention that the designs with b* = (i) 
can be obtained taking some disjoint copies of a BIB(n, 4, A,) design without 
repeated blocks, where A, is the least integer satisfying the necessary conditions 
for an existence of a block design (cf. [l, (3.2a)l). The designs with b* = (“2) + 1 
can be constructed with the help of Theorem 4.3. 
324 I. N. Landgev 
4. Some further constructions 
In this section we shall give some further constructions for block designs with a 
fixed support size b* = ($). It is worth noting the following fact. 
Lemma 4.1. For every odd prime power q = pm with q = -1 (mod 4), and for 
every 3 s k G q - 3, there exists a BIB(v = q, k, A ) (y)) design. 
Proof. The group G of all affine transformations of a finite field is sharply 
2-transitive, ICI = q(q - 1). It contains only even permutations for q = 1 (mod 4), 
and an equal number of even and odd permutations for q = -1 (mod 4). In the 
second case, the subgroup H of G, containing all its even permutations is regular 
on the set of unordered pairs from F,, in other words H is sharply 2- 
homogeneous. Obviously, a orbit of full length of a k-element subset will produce 
the required design. We have to show that such an orbit does exist for every k 
with 3 < k s q - 3. It suffices to consider only k’s less than or equal to (q - 1)/2. 
Let F, = (0, a, = 1, a2 = a2, . . . , a(,_,),, = cF3, a(,+l),2 = -a(,-l)i2, . . . , 
aq_l = -al}, here (Y denotes a primitive element of the field F4. The group G can 
be represented as G = ST, where 
S={s:x+bx,b-asquareinF,}, T={t:x+x+c,c~F~}. 
Put B = (0, a,, a2, . . . , ak_I}, 3 c k c (q - 1)2. We shall show that B is a regular 
set, i.e., its setwise stabilizer is {id}. Suppose B” = B”’ = B, s E S, t E T. Then 
B” = (0, ai,, . . . , a,,_,} = B’-‘, 1, s (q - 1)2, j = 1, . . . , k - 1. If a’~’ = 0 then 
O’-’ = -aj, j = 1, . . . , (q - 1)2 and B’-’ contains a nonsquare, a coniradiction. If 
(3-l = 0 then t-’ = . id, therefore B” = B. But S is a cyclic group of order (q - 1)2 
with generator (LUG, (Ye, . . . , a”-‘). It is now easily seen that B” = B only for 
s=id. 0 
Lemma 4.2. For every odd prime v and for every k d v - 2, there exists a 
BIB(v, k 1 (z)) design. 
Proof. Suppose V = (0, 1,2, . . . , v - l}. Take as blocks the orbits of the k-sets 
(0, a, 2a, . . . , (k - l)a), a = 1, 2, . . . , (k - 1)/2 under the action of the cyclic 
group generated by u = (0 1 . . . v - 1), where a, 2a, . . . , (k - 1)a are taken 
modulo v. Cl 
Denote by (r) the set of all k-subsets of a given v-set V. For each subset Y 
from (r) we can define a column-vector p y of dimension (i), the so-called 
inclusion vector of Y. Suppose we have some linear ordering of the elements of 
(5). Then pv contains 1 (respectively 0) in its jth position if the jth element from 
(7) belongs (respectively, does not belong) to the set Y. Let a BIB design 9 with 
support 9* be given. The (y) x b* matrix H %*, w h ose columns are the inclusion 
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vectors corresponding to the blocks in 9* will be called the inclusion matrix of 9. 
Obviously, there exists a column-vector f of dimension b* which entries are 
positive integers with the property 
H9*f =A-e, (4.1) 
where e is the all-one column-vector of dimension (i). The converse is also true. 
Given a set of k subsets X, we connect with it an inclusion matrix HW If (4.1) is 
true for some vector f with nonnegative, integer entries, and for some positive 
integer A then X is a support of a block design. 
Theorem 4.3. Suppose that 9 is a BIBD(u, k, A 1 b*) and 9* is its support. 
Suppose further that H 9. is the inclusion matrix of 9 and py is an inclusion 
column vector of the block Y which is not in 9* but which belongs to the linear 
space spanned by the column-vectors of H,.. Then there exists a 
BIB(v, k, A’ ( b * + 1) design 9, with support 6%: = 9* U Y and inclusion matrix 
H9; = [H9* ( py]. 
Proof. Let the columns of H9* be p1,p2, . . . ,pb. and choose among them a 
maximal linearly independent system, say p,, p2, . . . , p,,, where p = rank H,*. 
Then there exist integers p 2 0, A,, A,, . . . , A, such that 
PPY = hp1+ k2p2 + * . . + $P,. (4.2) 
On the other hand it follows from (4.1) that there exist positive integers 
Y,, vz, . . . , vb* such that 
(4.3) 
for some il. Choose q to be a positive integer having the property 
vi7 - Ai > 0, i = 1, 2, . . . , p. (4.4) 
This can be made because all vi are greater than 0. Now from (4.2) and (4.3) we 
get 
(v1Tl - UPI + * . * + @pv - &)p, + yp+l~Pp+l +. ’ * + vb*qPb* + PPY 
= Aqe. (4.5) 
All the coefficients in the left side of (4.5) are positive integers. This proves the 
theorem. El 
Corollary 4.4. Zf there exists a BIBD(v, k, A ( (y)) with an inclusion matrix of full 
column rank then there exz& BIB(v, k, p ( b*) designs for every b* in the range 
(;) 6 b* s (;). 
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Example 4.5. For v = 10 we can construct a BIB(lO, 4,2) design, for example as 
a residual of the symmetric BIB(16,6,2) designs. The blocks of one such design 
are listed below. 
0123 0456 1478 2579 3689 
0789 1569 2468 3457 2349 
1358 1267 0367 0258 0149 
Acting on the point set with the permutations u= (012)(3456)(789), t = 
(01)(25)(367894) we get two further copies of the above design. The union of the 
three BIB(lO, 4,2) designs is obviously a BIBD(lO, 4,6 1 45). The inclusion 
matrix of this design is (by construction) not of full column rank, but we can find 
(by computer) an inclusion vector of a 4-element set which belongs to the linear 
space spanned by its columns. Such a vector is, for example, the one 
corresponding to the 4-set (1,2,3,4). By Theorem 4.3 there exists a 
BIB(lO, 4, A 146). 
Example 4.6. For Y = 11, take the orbit of the block (0, 1,2,3) under the action 
of the group G described in Lemma 4.1 acting in F,,. This group may be regarded 
as the group of all permutations of the shape Brj, i = 0, 1, . . . , 10, j = 
0, 2, 4, 6, 8, where 
a=(O12345678910), t = (O)(l 2 4 8 5 10 9 7 3 6). 
Take all blocks from the orbit of an arbitrary four-element subset of the point set, 
say (0, 1,2,3). These blocks form a design with b* = (7) = 55 (Lemma 4.1). One 
can see that there exists an ordering of the point pairs and of the blocks of the 
design such that its inclusion matrix is 
II+uIu2 Z u4 + II”’ 0 0 
z+u 0 0 u5+l.J7+(P u9 
Z u+u8 0 0 z+u3+u 
0 I+U4+U8 I u5 + u7 0 
\ 0 0 z+u5+V0 I u6+u9 







It is easily checked by computer that this matrix is of full rank. So, 
BIB( 11,4, k 1 6 *) designs exist for every b * with 55 = ( y ) =z b * < (la) = 330. 
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Example 4.7. For v = 1.5 we can use a similar construction as in Lemma 4.2. 
Take the orbits under the action of the cyclic group generated by o= 
(0 1 2 . . . 14) of the 4-sets listed below. 
(0,1,2,3), (0, 1,2,7), (‘X2,4,9), (0,3,6,11), 
(0,4,8,13), (0,2,6,12), (0,4,7,14). 
It is very convenient to have a BIBD(v, k, A 1 (y)) with an inclusion matrix of 
full rank. In such a case the existence of BIB(v, k, A 1 b*) designs with b* greater 
than (y) is decided automatically by Corollary 4.4. Unfortunately, the construc- 
tions from Section 3 do not yield designs with the desired inclusion matrices even 
when the BIB(u, k, ,u) designs used have inclusion matrices of full rank. One can 
expect to get such designs from Lemmas 4.1, 4.2 (as in Example 4.6). This is not 
always the case. If we take r~ = 11, k = 3, the group from Example 4.6, and the 
base block (0, 1,2) then the inclusion matrix of the design obtained has (by 
suitable ordering of pairs and blocks) the shape 
i 
I I+u2 0 0 0 
0 I 1+u’ 0 0 
0 0 u6 z+u4 0 . 
0 0 0 u8 z+u” 
z+u 0 0 0 ul” I 
It can be checked (even by hand) that this matrix has a zero determinant and is, 
therefore, not of full rank. 
Nevertheless, we conjecture that for each 21, and k, k c ZI - 2, u 2 7, there 
exists a BIB(u, k, A ( (2”)) with an inclusion matrix of full rank. 
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